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Abstract. We discuss the effects of a weak random external potential on the
properties of the dilute Bose gas at zero temperature. The results recently obtained
by Huang and Meng for the depletion of the condensate and of the superfluid density
are recovered. Results for the shift of the velocity of sound as well as for its damping
due to collisions with the external field are presented. The damping of phonons is
calculated also for dense superfluids.
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1. INTRODUCTION
The role of disorder in Bose systems has been the object of several theoretical
works in the last years1−7. In this context an important issue is to understand
the effects of disorder on the behaviour of the dilute Bose gas (DBG) where one
expects to obtain analytic results at least for weak disorder. This problem was
recently considered by the authors of Ref. [3] who investigated the consequences of
a random external potential on the depletion of the condensate and of the superfluid
component of the system. A striking result emerging from this analysis is that
disorder is more active in reducing superfluidity than in depleting the condensate.
The main purpose of the present work is to investigate the consequences of
disorder on the propagation of phonons. In particular we study the shift of the
sound velocity as well as its damping generated by scattering with the random
external potential.
Our formalism is based on dispersive quantum hydrodynamics at zero tem-
perature. This formalism not only accounts in a natural way for the behaviour of
the dilute Bose gas, but can be employed, in the hydrodynamic regime, to predict
important properties of dense superfluids such as liquid 4He.
The paper is organized as follows: in Section 2 we develop the formalism of
quantum hydrodynamics in the presence of random external potentials. In Sect. 3
we recover, in the limit of weak disorder, the results of ref.[3] for the depletion of
the condensate and of the superfluid density. In Sect.4 we explore the consequences
of disorder on the dynamic structure factor. In particular we calculate the change
in the velocity of sound and the damping of phonons induced by disorder. The
expression for the damping is also extended to the case of strongly interacting
superfluids.
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2. FORMALISM OF QUANTUM HYDRODYNAMICS.
Let us consider a uniform superfluid system at T = 0. Our approach to the
problem starts from a macroscopic description: we write the energy functional of
the system in terms of the superfluid velocity, vs, and the variation of the density
with respect to the equilibrium value, ρ′ = ρ− ρ0. We find8
E =
ρ0
2
∫
d3r v2s(r) +
1
2
∫
d3r
∫
d3r′χ−1(|r− r′|)ρ′(r)ρ′(r′)
+
1
2
∫
d3r ρ′(r)v2s(r) (1)
The superfluid behaviour of the system fixes the irrotational law for the velocity
field: vs = ∇ϕ. In terms of the Fourier components of the density and of the velocity
potential, the energy functional can be written as the sum of a quadratic and a cubic
term in the fluctuations ϕk and ρ
′
k: E = H0 +H1, where
H0 =
ρ0
2
∑
k
k2|ϕk|2 + 1
2
∑
k
χ−1(k)|ρ′k|2 (2)
and
H1 =
1
2
√
V
∑
k,k′
k · k′ ϕkρ′k′−kϕ−k′ (3)
The quantity χ−1(k) is the Fourier transform of χ−1(r). Terms of third and higher
order in ρ′ have not been included in eqs. (1), (3) since in the DBG limit they do
not contribute to the leading order. Applicability of eq. (1) is limited to the region
of low temperatures where the whole system is superfluid.
The quadratic functional of equation (2) gives the expression for the energy in
the framework of the ”harmonic dispersive hydrodynamics”, where the compressibil-
ity of the system, given by χ(k), is momentum dependent. In the long wavelength
limit the hydrodynamic hamiltonian (2) coincides with the usual phonon hamilto-
nian with the velocity of sound given by c = (ρ0/χ(0))
1/2.
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Let us neglect for the moment the anharmonic term H1 and consider only
the harmonic hamiltonian H0. By quantizing the fields ϕ and ρ
′ we can cast the
hamiltonian into the diagonal form
Hˆ0 =
∑
k
ωk cˆ
†
kcˆk (4)
where cˆ†k (cˆk) are the creation (annihilation) operators relative to an elementary
excitation carrying impulse k and we have ignored the constant term due to the
zero point motion. Equation (4) shows that the system can be described as a gas
of non-interacting elementary excitations with energies
ωk =
√
ρ0k2
χ(k)
. (5)
The quasiparticle operators cˆ†k, cˆk are related to the operators ϕˆk and ρˆ
′
k
through the following expressions
δϕˆk = ϕˆk − 〈ϕˆk〉 = ( ωk
2ρ0k2
)1/2 (cˆk + cˆ
†
−k)
δρˆk = ρˆ
′
k − 〈ρˆ′k〉 = i (
ρ0k
2
2ωk
)1/2 (cˆk − cˆ†−k) (6)
where we have introduced the fluctuation operators δϕˆk and δρˆk which, in the
absence of disorder, coincide with the operators ϕˆk and ρˆ
′
k.
In the dilute Bose gas limit the frequencies ωk are given by the most famous
Bogoliubov spectrum
ωk =
k
2m
(k2 + 4ρ0v0)
1/2 (7)
and the compressibility χ(k) takes the form
χ(k) =
4ρ0m
2
k2 + 4ρ0v0
. (8)
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In terms of the scattering length a the interparticle potential v0 is written as:
v0 = 4pia/m.
Let us now add a perturbative field in the form of a random external potential
U(r) coupled to the density through the interaction hamiltonian
Vˆ =
1√
V
∑
k
Ukρˆ
′
−k (9)
In eq. (9) Uk is the Fourier transform of the external potential. In order to investi-
gate in a simple way how the random potential affects the behaviour of the system,
we will often make the white noise assumption in which the external potential is
described by a single parameter R0 [3]:
1
V
〈|Uk|2〉 = R0
m2
(10)
and where the average is assumed to be of Gaussian type. In eq. (10) m is the mass
of the particles and the dimension of R0 is consequently (energy)
2 × (length)3.
In the presence of weak disorder the expectation value of the density operator
on the ground state can be evaluated by means of linear response theory:
〈ρˆ′k〉 = −
1√
V
Uk χ(k) (11)
whereas the expectation value of the velocity potential operator is not affected by
the external static field: 〈ϕˆk〉 = 0. By writing both the hamiltonians Hˆ0 and Vˆ in
terms of the operators cˆk, cˆ
†
k we get the result
Hˆ = −ρ0
2
∑
k
1
V
〈|Uk|2〉 k
2
ω2k
+
∑
k
ωk cˆ
†
kcˆk (12)
for the harmonic hamiltonian Hˆ = Hˆ0+Vˆ . The first term in (12) gives the correction
to the ground state energy due to the external field. This quantity can be calculated
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also beyond the dilute Bose gas approximation. In fact by applying linear reponse
theory (eq.(11)) to the external field (9) one finds the general result
δE = −1
2
∑
k
1
V
〈|Uk|2〉χ(k) (13)
holding also for strongly interacting systems. Equation (13) reduces to the first
term in the right hand side of eq.(12) in the Bogoliubov limit where eq.(5) holds.
It is important to notice that if one makes the white noise assumption (10), the
correction to the ground state energy (13) contains an ultraviolet divergence since
χ(k) behaves as k−2 for large k. A more physical choice for 1
V
〈|Uk|2〉 would not
yield such a divergence.
From result (12) it turns out that, without including interaction terms among
the quasiparticles, described by the anharmonic term H1, the energies of the ele-
mentary excitations are not affected by the random external field; in particular the
velocity of sound is still given by the Bogoliubov value c = (ρ0v0)
1/2/m. In Section
4 we will calculate the first correction to the velocity of sound as well as its damping
due to the random external potential.
3. SUPERFLUID DENSITY AND DEPLETION OF THE CONDEN-
SATE
The current density associated with the one-fluid hamiltonian (1) is given by
jˆ(r) =
∂E
∂vs
= ρ0vˆs(r) + ρˆ
′(r)vˆs(r) (14)
where we have separeted the first and the second order terms. By taking the Fourier
transform of the current operator we obtain
jˆq = iq ρ0ϕˆq +
1√
V
∑
k
ikϕˆkρˆ
′
q−k (15)
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The first term is longitudinal, whereas the second one contains both a longitudinal
as well as a transverse component. By inserting in eq. (15) the expressions for
the velocity potential and density (6) in terms of the quasiparticle operators cˆ†k, cˆk,
one can distinguish in a natural way between different contributions to the current
operator. The first term in (15) is coupled to single elementary excitations: we
call this term the one-phonon contribution to the current. The second term can be
either the product of one quasiparticle operator and of the external field (hereafter
referred to as disorder contribution) or the product of two quasiparticle operators
(two-phonon contribution).
Let us choose q in the z direction: q = (0, 0, q) and let us consider the tran-
verse component of the current operator jˆxq . In terms of the elementary excitation
operators it is written as
jˆxq = jˆ
x(1)
q +jˆ
x(2)
q = −
1
V
∑
k
i kx
(ρ0ωk
2
)1/2 Uq−k|q− k|2
ω2q−kk
(cˆk+cˆ
†
−k) + jˆ
x(2)
q (16)
where the operator jˆ
x(2)
q arises from two-phonon effects and does not depend upon
the external field.
There is an important point to stress here. The transverse current operator
(arising from the second term in the r.h.s. of eq. (15)) is fixed by the anharmonic
term in the hamiltonian. This implies that, for a calculation of the corresponding
matrix elements to the lowest order, we can safely use the eigenstates and eigenval-
ues of the harmonic hamiltonian Hˆ0. The situation is different in the longitudinal
channel, since the longitudinal component of the current operator (15) contains a
term, the one-phonon contribution, which is zeroth order in the anharmonic per-
turbation. In the next Section we will see that the anharmonic term Hˆ1 has to be
explicitly included in the hamiltonian in order to study the longitudinal channel in
the proper way.
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The normal component of the fluid is obtained by considering the static trans-
verse current-current response which, at T = 0, can be written as
χT (q) =
∑
n
|〈0|jˆxq|n〉|2
ωn
+
|〈0|jˆx−q|n〉|2
ωn
. (17)
The normal density is then obtained from the long wavelength limit of equation
(17)9
ρn = lim
q→0
χT (q) (18)
while the superfluid density is defined as ρs = ρ0−ρn. In eq. (17) |0〉 is the ground
state and the sum is performed over a complete set of excited states with energies
ωn. If we now insert the expression (16) for the current operator into eq. (17) we
can distinguish the contribution to the response function arising from two-phonon
effects from the one fixed by disorder. The former can be shown to vanish in the
long wavelength limit as q2. The latter is easily obtained by a direct calculation
of the matrix elements using the diagonal hamiltonian (4). The final result for the
normal density is given by
ρn = ρ0
1
V
∑
k
k2x
k2
ω4k
1
V
〈|Uk|2〉 . (19)
The fact that the random external potential gives rise to a normal component
in the fluid can be also regarded as the consequence of the fact that translational in-
variance is broken by the external field and therefore the current is not conserved10.
Result (19) needs some comments. First of all eq. (19) shows that the nor-
mal component induced by the random external potential is not fixed just by the
long wavelength properties of the system. In order to assure the convergence of
the integral in (19) the behaviour of the elementary excitation spectrum at high
momenta is important. A second point concerns the validity of the one-fluid hamil-
tonian (1) when a normal component is present in the fluid. Result (19) can be
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interpreted as the first term of the perturbative expansion of the normal density in
the external field U . It is finally worth noticing that in the case of an ideal Bose gas
(ωk = k
2/2m) the integral in eq. (19) diverges at small k’s revealing the instability
of the ideal Bose gas in the presence of disorder.
In the DBG limit the integral in (19) can be calculated analytically by inserting
the Bogoliubov value (7) for the energies ωk and using the white noise approximation
for 1
V
〈|Uk|2〉. One gets
ρn =
m3
6pi3/2
R0
(n
a
)1/2
(20)
where n is the particle density. The applicability of result (20) is subject to the
condition of weak disorder ρn << ρ0 or, equivalently,
m2R0√
na
<< 1 . (21)
In 2D one finds
ρn =
m3
8pi2
R0
1
a
. (22)
Both eqs.(20) and (22) are in agreement with the results of Refs. [3,11].
We now calculate the depletion of the condensate due to the random potential.
To this purpose let us write the macroscopic component of the particle field operator
Ψˆ(r), in terms of density and phase fluctuations. The macroscopic component of
the particle operator is formally given by
ΨˆM (r) =
√
nˆ0e
iΦˆ(r) (23)
where nˆ0 is the operator of the number of particles in the condensate and Φˆ(r) is the
phase operator related to the velocity potential by the usual relation ϕˆ(r) = Φˆ(r)/m.
In the DBG limit, where n0 ≃ n = ρ0/m, the following expansion is valid up to
first order in the density and phase fluctuations
ΨˆM (r) =
√
n
(
1 +
1
2nm
ρˆ′(r) + iΦˆ(r)
)
(24)
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By taking the Fourier transform of eq. (24) one finds
δaˆq = aˆq − 〈aˆq〉 = i
√
nδΦˆq +
1
2
√
nm
δρˆq (25)
with 〈aˆq〉 =
√
nδq,0 + 1/(2
√
nm)〈ρˆ′q〉 (we have used 〈Φˆq〉 = 0). The momentum
distribution is thus given by
n(q) = 〈δaˆ†qδaˆq〉+ |〈aˆq〉|2 =
ρ0
m
〈δΦˆ−qδΦˆq〉+ 1
4mρ0
〈δρˆ−qδρˆq〉 − 1
2
+
1
4mρ0
|〈ρˆ′q〉|2
(26)
The first term in the right hand side of equation (26) represents the contri-
bution to the momentum distribution given by the phase fluctuations. In the long
wavelength limit this term gives the main contribution and is responsible for the
well known 1/q divergence of n(q)12. In the region of higher momenta also the
density fluctuations 〈δρˆ−qδρˆq〉 become important. The constant term −1/2 arises
from the commutation relation between density and phase operators. It is worth
noticing that the random potential explicitly affects the result for the momentum
distribution because the expectation value of the particle operator aˆq on the ground
state is no longer zero for q 6= 0:
〈aˆq〉 = 1
2
√
nm
〈ρˆ′q〉 = −
1
2
√
nm
1√
V
Uqχ(q) (27)
By using the Bogoliubov results for the density and phase fluctuations (correc-
tions to these quantities due to disorder give rise to higher order effects) we finally
obtain the result
n(q) =
1
2ωq
(
q2
2m
+ nv0 − ωq
)
+
n
4
1
V
〈|Uq|2〉 q
4
ω4q
(28)
where the first term coincides with the prediction of the Bogoliubov model. The
depletion is obtained by integrating result (28) and we find the usual Bogoliubov
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value with a correction proportional to ρn:
∆n = n− n0 = 1
V
∑
q 6=0
n(q) =
8
3pi1/2
(na)3/2 +
3
4m
ρn (29)
Result (29) is in agreement with the findings of Ref. [3]. In particular it shows
that the relative depletion of the condensate due to disorder is a factor 3/4 smaller
than the corresponding reduction of the superfluid density. This result holds for
any choice of the average 1V 〈|Uk|2〉 since the same integral over momenta is involved
in the calculation of both ρn and ∆n (see eqs.(19) and (28)). We stress however
that eq. (29) holds only in the presence of weak disorder. It cannot be easily
extrapolated to the large external fields.
4. VELOCITY AND DAMPING OF SOUND
In the present Section we discuss the effect of disorder on the dispersion of the
phonon mode at T = 0. To this purpose we first calculate the compressibility of
the system, χ(0), defined by the relation
χ−1(0) =
∂2
∂ρ2
E
V
(30)
where E is the ground state energy of the system. The contribution to E due to
disorder is given by eq.(13) or equivalently, in the Bogoliubov limit, by the first
term in the r.h.s. of eq. (12). After taking the second derivative with respect to
the density we find the result
χ−1(0) = χ−10 (0)(1 +
∑
k
1
V
〈|Uk|2〉 k
8
4ω6k
) (31)
where χ0(0) is the compressibility of the DBG. By making the white noise assump-
tion (10) it is possible to relate result (31) to the normal density ρn given by eq.(19).
We find
χ−1(0) = χ−10 (0)
(
1 +
9
4
ρn
ρ0
)
(32)
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It is worth noticing that, differently from the correction to the total energy as
well as to the first derivative ∂E/∂ρ (proportional to the chemical potential), the
contribution of disorder to the compressibility is well defined also within the white
noise assumption. This is due to the fact that the quantity ∂2χ(k)/∂ρ2, differently
from χ and ∂χ(k)/∂ρ decreases as k−4 when k →∞ and the corresponding integral
is well behaved for large k.
We are now ready to calculate the velocity of sound. Using the relation
c2 =
ρs
χ(0)
(33)
typical of superfluids and eqs. (20) and (32) for ρn and χ(0) we obtain the result
c2 = c20
(
1 +
5
4
ρn
ρ0
)
(34)
holding within the white noise assumption. Equation (34) shows that the velocity
of sound increases with disorder and that consequently the phonon peak in the
dynamic structure function
S(q, ω) =
∫ +∞
−∞
dt eiωt〈[δρˆ−q(t), δρˆq(0)]〉 (35)
is shifted to the right according to the law
Sphonon(q, ω) =
ρsq
2c
δ(ω − cq) . (36)
The normalization factor ρsq/2c ensures that the phonon exhausts the compress-
ibility sum rule
χ(0) = 2lim
q→0
∫
1
ω
S(q, ω)dω (37)
consistently with relation (33) for the sound velocity.
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In the second part of the section we calculate the damping of phonons due
to collisions with the external potential. To this purpose we calculate directly the
propagator defined by the time ordered product
D11(q, t) = −i〈T (ρˆ′q(t)ρˆ′−q(0))〉 = −i〈(θ(t)ρˆ′q(t)ρˆ′−q(0) + θ(−t)ρˆ′−q(0)ρˆ′q(t))〉 (38)
in terms of which the dynamic structure function is written as S(q, ω) = − 1pi ImD11(q, ω).
As anticipated in Section 2 in order to calculate to the proper order the effects
of the external random potential in the longitudinal channel it is essential to include
the anharmonic term (3) in the hamiltonian of the system.
We calculate the imaginary part of the propagator D11(q, ω) perturbatively in
the interaction hamiltonian
Hˆint = Hˆ1 + Vˆ =
1
2
√
V
∑
k,k′
k · k′ϕˆkρˆ′k′−kϕˆ−k′ +
1√
V
∑
k
Ukρˆ
′
−k (39)
up to terms of second order in the random potential Vˆ . The calculation is straight-
forward and the details are given in the Appendix. The relevant contribution to the
imaginary part of the propagator arises from the diagram of Figure 1. By adding
this contribution to the phonon peak (36) we find, for small q, the result
S(q, ω) =
ρsq
2c
δ(ω − cq) + ω
2q2
(ω2 − c2q2)2
ρ0
2V
∑
k
1
V
〈|Uk|2〉k2z
k2
ω3k
δ(ω − ωk) (40)
where the second term holds for ω not too close to cq: |ω − cq| > cq. In the
hydrodynamic limit (q → 0, ω → 0) result (40) becomes
S(q, ω) =
ρsq
2c
δ(ω − cq) + q
2ω5
(ω2 − c2q2)2
ρ0
12pi2c7
1
V
〈|Uk|2〉|k|=ω/c (41)
Eq. (41) corresponds, in the limit of weak disorder (see eq.(21)), to the first two
terms of the series of the most divergent diagrams characterizing the behaviour of
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the propagator D11, near the pole. The sum of this series yields the following result
for S(q, ω) near the pole
S(q, ω) =
ρsq
2
pi
2cqΓ(q)
(ω2 − c2q2)2 + 4c2q2Γ2(q) (42)
with the width Γ(q) given by
Γ(q) =
1
24pi
1
c3
q4
1
V
〈|Uq|2〉 . (43)
Eqs. (42), (43) explicitly show that the phonon peak is broadened by the presence
of disorder.
It is not difficult to extend results (42), (43) to the case of a strongly interacting
Bose superfluid where quantum hydrodynamics is expected to provide the proper
description in the hydrodynamic regime. To this purpose we have to add to the
anharmonic term (3) a contribution cubic in the density fluctuations yielding, for
Hˆ1, the more general expression
13
Hˆ1 =
1
2
√
V
∑
k,k′
k · k′ϕˆkρˆ′k′−kϕˆ−k′ +
1
6
√
V
(
d
dρ
c2
ρ
)∑
kk′
ρˆ′kρˆ
′
k′−kρˆ
′
−k′ (44)
By accounting for the diagrams relevant for the calculation of the damping we get
the relevant result (see the Appendix for details)
Γ(q) =
1
24pi
q4
c3
1
V
〈|Uq|2〉
(
1 + 3
ρ40
c4
(
d
dρ
c2
ρ
)2
)
. (45)
In superfluid 4He the second term in eq. (45) turns out to be of the same order as the
first one. Vice-versa in the DBG the derivative with respect to the density of c2/ρ
is of higher order in the scattering length and its contribution can be consequently
neglected. Notice that the damping mechanism discussed above is dominant at
small q compared to the damping Γph−ph due to anharmonic interactions among
15
phonons, which exhibits a q5 law (see Ref. [13]). In the dilute Bose gas and using
the white noise approximation we find the result
Γ(q)
Γph−ph(q)
=
20
3
ρn
ρ0
1
qa
(46)
Starting from result (40) we can finally calculate the low q behaviour of various
energy moments of the dynamic structure factor. These moments can be written
as the sum of the phonon contribution (first term in eq. (40)) and of the collisional
term (second term of eq. (40)). The latter contribution is always proportional to
q2. For example, by integrating eq.(40) with respect to ω, one finds the following
result for the low q expansion of the non energy weigthed sum rule (static structure
factor):
S(q) =
∫ ∞
0
dωS(q, ω) =
ρsq
2c
+ q2
ρ0
2
∫
dk
1
(2pi)3
1
V
〈|Uk|2〉k
2
zk
2
ω5k
(47)
By making the white noise approximation for 1V 〈|Uk|2〉, one can relate the second
term to the normal density (19):
S(q) =
ρsq
2c
+ q2ρn
m
12pi2na
(48)
Eq. (48) shows that the static structure factor, at low q, is exhausted by the phonon
peak. One immediately shows that the phonon peak exhausts also the inverse energy
weighted sum-rule fixed by the compressibility of the system (eq. (37)).
For the energy weighted sum rule we find the result
m1 =
∫ ∞
0
dωωS(q, ω) = ρs
q2
2
+ ρn
q2
2
= ρ0
q2
2
(49)
which coincides, as expected, with the model independent f-sum rule, proportional
to the total density of the system. In this case the contribution of the collisional
term is crucial in order to satisfy the sum rule also at low q. This contribution
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can be always expressed in terms of the normal density, independently of the white
noise assumption. It is interesting to remark that a similar behaviour is exhibited
by transverse spin excitations (magnons) in antiferromagnets14. Also in this case
the magnon exhausts only a fraction of the energy weighted sum rule, the remaining
part being, in this case, exhausted by multimagnon excitations. The one-magnon
contribution to the energy weighted sum rule is proportional to the spin stiffness
coefficient which plays the role of the superfluid density. This analogy between
disordered bosons and antiferromagnets is due to the fact that in both cases the
current is not conserved due to the lack of translational invariance.
The fact that the phonon peak does not exhaust the f-sum rule implies that
the Feynman approximation
ωF (q) =
ρ0q
2
2S(q)
(50)
for the energy of elementary excitations does not coincide with the phonon disper-
sion at low q. Actually using result (47) for S(q) one finds ωF (q)→ cqρ0/ρs a value
higher than cq. It is also worth noticing that the Feynman ratio (50) is affected by
the q2 correction in S(q). Such a correction is absent in translationally invariant
systems.
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APPENDIX
In this appendix we evaluate the imaginary part of the density-density prop-
agator D11(q, ω) in the long wavelength limit, to first order in R0. We use time
dependent perturbation theory with the perturbative field given in equation (39).
We need the free field propagators:
iD011(q, ω) =
∫ +∞
−∞
dt eiωt〈T (ρˆ′q(t)ρˆ′−q(0))〉0 = i
ρ0q
2
ω2 − ω2q + i0
(A1)
iD022(q, ω) =
∫ +∞
−∞
dt eiωt〈T (ϕˆq(t)ϕˆ−q(0))〉0 = i
ω2q
ρ0q2
1
ω2 − ω2q + i0
(A2)
iD012(q, ω) =
∫ +∞
−∞
dt eiωt〈T (ρˆ′q(t)ϕˆ−q(0))〉0 = −
ω
ω2 − ω2q + i0
(A3)
where the subscript after the brackets 〈...〉0 means that the expectation value is
taken on the ground state relative to the unperturbed hamiltonian H0.
The density-density propagator is obtained from the general formula of pertur-
bation theory
iD11(q, t) =
1
〈Sˆ〉 〈T (ρˆ
′
q(t)ρˆ
′
−q(0)Sˆ)〉 (A4)
where the time evolution operator Sˆ is defined by the series expansion
Sˆ =
∞∑
n=0
(−i)n
n!
∫ +∞
−∞
dt1 ...
∫ +∞
−∞
dtn T (Hˆint(t1)...Hˆint(tn)) (A5)
It is better to use diagrams to represent the different terms arising from equa-
tion (A4) after using Wick’s theorem for time ordered products. The anharmonic
potential Hˆ1 is represented by a vertex with three lines, whereas to the external
random potential corresponds a vertex with just one line.
At finite frequencies the leading correction to the imaginary part of D11(q, ω)
comes from terms which are fourth order in the interaction hamiltonian Hˆint. These
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terms correspond to diagrams containing two vertices relative to the anharmonic
potential and two random potential vertices.
It turns out that only one diagram is relevant and this is given in figure 1,
where we have represented D011 by a full line, D
0
22 by a dashed line and D
0
12 by a
long-dashed line. In fact the external random field is time independent. This means
that only the density-density propagator, which has a zero frequency component,
can be connected to the random potential vertices. The contribution arising from
the diagram in figure 1 to the density-density propagator is given by
D11(q, ω) = D
0
11(q, ω) +
ω2
ρ20q
2
(D011(q, ω))
2
× 1
V
∑
k
1
V
〈|Uk+q|2〉k2z D022(k, ω)(D011(|k+ q|, 0))2 (A6)
The square of the free propagator D011 in equation (A6) can be approximated, for
ω not too close to the pole (|ω − ωq| > ωq), with the expression
(D011(q, ω))
2 =
ρ20q
4
(ω2 − ω2q )2
(A7)
Result (40) for the dynamic structure factor follows directly from equations (A6)
by using the relation S(q, ω) = − 1
pi
ImD11(q, ω) and after taking the q → 0 limit.
The imaginary part of the density-density self energy can be directly evaluated
from equation (A6). In the long wavelength limit one gets
−ImΣ11(q, ω) = pi
2
ω2
ρ0q2
1
V
∑
k
1
V
〈|Uk|2〉k2z
k2
ω3k
δ(ω − ωk) (A8)
Result (43) for the damping in the phonon region follows from eq. (A8) by using
the relation
Γ(q) =
ρ0q
2c
(−ImΣ11(q, ω = cq)) (A9)
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In the case of strongly correlated systems the damping of the phonon mode
can be obtained in the long wavelength limit by using the anharmonic term (44).
In this case another diagram is relevant to the calculation of the damping and it is
given in figure 2. The imaginary part of the self energy is given by
−ImΣ11(q, ω) = pi
2
1
ρ0
1
V
∑
k
1
V
〈|Uk|2〉
(
k2z
ω2k2
ω3kq
2
+ ρ40(
d
dρ
c2
ρ
)2
k6
ω5k
)
δ(ω−ωk) (A10)
and result (45) follows directly from relation (A9).
The present diagrammatic technique could be used for the calculation of higher
order corrections in the parameter R0. To perform the corresponding averaging one
must assume gaussian statistics for the random external field.
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FIGURE CAPTIONS
Fig.1. The relevant diagram of the fourth order in Hˆint (eq. (39)). The full line
represents D011, the dashed line D
0
22 and the long-dashed line D
0
12.
Fig.2. The other relevant diagram of the fourth order in Hˆint = Hˆ1 + Vˆ with Hˆ1
given by eq. (44). The full line represents D011.
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